In this paper we present a discontinuous Galerkin method applied to incompressible nonlinear elastostatics in a total Lagrangian deformationpressure formulation, for which a suitable interior penalty stabilization is applied. We prove that the proposed discrete formulation for the linearized problem is well-posed, asymptotically consistent and that it converges to the corresponding weak solution. The derived convergence rates are optimal and further confirmed by a set of numerical examples in two and three spatial dimensions.
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Introduction
The numerical simulation of problems arising in finite elastostatics entails the resolution of nontrivial quasilinear elliptic partial differential equations (PDEs) accounting for the balance of forces and related constitutive laws. Nonlinear elasticity problems have a large number of applications in structural analysis, biomechanics and engineering design. In particular, our development is motivated by the study of anisotropic soft living materials such as the heart tissue, which presents the ability of actively deform without the need of external loads [13, 14, 19] . If the assumption of incompressibility of the underlying material is considered, and under a Lagrangian formulation, the momentum equation is coupled to a nonlinear volumetric constraint (the determinant of the deformation gradient must be equal to 1). In contrast, the usual divergence free condition is employed in fluid mechanics, linear elasticity, and other systems formulated in the current (deformed) configuration.
Finite elements are by far the most used strategy for the spatial discretization of elasticity problems. This because of their flexibility and computational robustness combined with their sound mathematical foundations that allow the derivation of rigorous error bounds. Unfortunately there is no such thing as "the correct choice" for the particular type of finite element discretization. Many effects need to be considered, specially for large deformation elasticity problems, and slightly different methods may feature substantial differences depending on the choice of finite element spaces, hexahedra or tetrahedra, conforming or nonconforming, formulations leading to symmetric or nonsymmetric linear systems, and so on. In addition, it is well known that for low-order finite element approximations of elasticity problems subject to the volume preserving constraint, the undesirable so-called volume locking phenomenon, in which the displacement decreases severely in a non-physical fashion may show up [12] . Several remedies have been proposed in the literature, including for instance resorting to different kinds of mixed and double-mixed formulations [4, 6, 10, 15] . Herein, following the framework in [5, 27] , we formulate a suitable discontinuous Galerkin (DG) method. In particular, in its interior penalty variant [3] , to weakly impose interelement continuity, the inclusion of penalty terms in the energy functional is a strategy to reduce the spurious numerical instabilities generated by a discontinuous formulation. These terms can be least squares contributions arising from, e.g., constitutive equations or jump penalty terms. Further well known advantages of DG formulations include the ability of handling complex domains, anisotropic and nonconforming meshes, PDEs with discontinuous coefficients, variable approximation degrees, featuring better accuracy than classical finite elements for a given number of degrees of freedom, and so on (see [1, 8] and the references therein).
A common approach to solve problems in finite elasticity consists in employing an iterative Newton method, which requires a consistent linearization of the original weak formulation. Moreover in each iteration the linearized problem has to fulfill, at least for sufficiently small deformations, solvability and stability in the sense of the classical Babuška-Brezzi theory for saddlepoint problems [6] .
In this paper we propose, analyze, and implement an interior penalty stabilized discontinuous Galerkin method for a deformation-pressure formulation of a nonlinear elasticity problem arising in the study of soft living materials [14] . The deformations and pressure field are discretized with piecewise polynomials of maximal degrees k and k − 1, respectively. The error analysis we carry out shows that the approximate deformations in the energy norm, and pressure in the L 2 − norm, converge with optimal orders O(h k ) and O(h k+1 ), respectively. The novelty of the present paper lies in the convergence study of the DG formulation for nonlinear incompressible materials. Similar approaches to the one developed herein can be found in e.g. [20] , where the authors present a DG method for compressible hyperelastic materials, based on a Hu-Washizu-de Veubeke principle and analyze its consistency and linearized stability, or the convergence analysis presented in the general framework of [21] . For a complete analysis of stabilized DG methods to general nonlinear elasticity, we refer to [25] .
The rest of the paper is organized as follows. Section 2 contains the description of a boundary value problem in nonlinear elasticity, followed by an analysis of solvability and stability for a linearized system. The main tools needed for the formulation and analysis of the discrete problem, along with the detailed derivation of error estimates are provided in Section 3. Some numerical tests confirming the predicted convergence rates are given in Section 4, and we close in Section 5 with some conclusions and discussion.
Governing equations of finite elasticity
, 3} denote an elastic body with polygonal boundary ∂ o , regarded in its undeformed reference configuration. A point in o is denoted by x, whileû : o → R d denotes the deformation field that provides its position in the current configuration.
The tensorF := ∇û is the gradient of the deformation map. We are interested in the case where the material is (fully) incompressible. This is represented by the constraint det(F) = 1 that is enforced by the use of a Lagrange multiplier p, interpreted as pressure. The total potential energy of the deformed domain in the absence of volume forces is 
for which the body is in mechanical equilibrium. The resulting Euler-Lagrange equations associated to (1) read as:
in the sense of distributions, with the boundary dataû = g on D (which will not be enforced in the choice of the functional space, but rather through a boundary flux term) and Pn = t on N , whereĴ = detF and P is the first PiolaKirchhoff stress tensor for incompressible materials
The variational formulation of problem (2) 
The nonlinear terms A(·, ·) and B(·, ·) are given by
The existence of solutions for (3) can be established following e.g. [17] . Our interest lies in the study of a special class of problems arising in the modeling of active deformations in soft biological tissues [14, 23] , which under some assumptions, can be considered as hyperelastic materials. Here we restrict ourselves to a somewhat simplified setting, where one assumes that the passive behavior of the tissue can be described by a neo-Hookean constitutive law, whereas the active contribution is encoded in some additional anisotropic terms appearing after applying a so-called active strain decomposition [19] . In turn, the stress tensor is written as
Here μ is the neo-Hookean elastic modulus, γ f o is a smooth scalar activation function depending on ionic quantities and electrical signaling, and
is a coordinate system pointing in the local direction of cardiac fibers, transversal sheet compound, and normal direction. Using the relations
we arrive at the following saddle-point problem coming from the linearization of (3) around the generic point (û,p).
where the involved bilinear and linear forms are defined as
In addition, we define the auxiliary quadrilinear form
We recall the usual notation
The following theorem states the well-posedness of (5) (for a proof, see the general result for saddle-point problems in [11] ). Of course, enough regularity should be assumed for the state (û,p) so that the quantities in e.g. (4) and (5) are well defined.
Moreover, there exists a constant C > 0, not depending on the solution, such that
Notice that (5) corresponds to the linearization of (3) and therefore it can be regarded as a generic Newton (or Newton-like) step for the overall solution of (3).
A discontinuous Galerkin formulation

Admissible meshes and discrete gradient
We consider a partition T h of o consisting of geometrically conforming open simplicial elements K (tetrahedra for d = 3, or triangles for d = 2), such that o = ∪ K∈T h . The mesh parameter is defined as h = max K∈T h diam(K). By e ⊂ ∂ K we denote a face of a generic element K ∈ T h , of measure h e = |e|. We assume that T h is quasi-uniform, i.e., there exists ρ > 0 such that
where B K is the largest ball included in K. By E h we denote the set of all element faces of T h , and E int h ⊂ E h denotes its restriction to internal faces. We will use the finite element spaces of polynomials of order k and k − 1, k ≥ 1 (not necessarily continuous) defined on the mesh T h :
Since functions in the aforementioned spaces are allowed to be discontinuous across element boundaries, we recall the standard notation for jump and average operators over the face e shared by the two neighboring elements K and L:
h . We will also make use of the DG gradient defined as
h are lifting operators (see [25] ) defined by the relations
These operators satisfy the relation
h , and the obvious analogous for R (see e.g. [18] ). Here C 1 , C 2 are positive constants independent of h. Similar inequalities hold for their restrictions to the generic face
Lemma 1 The following estimate holds for all
For a proof see [16] . The following trace inequality can be found in e.g. [9] .
Stabilized interior penalty DG formulation
The stabilized DG approximation of (5) that we will analyze corresponds to
where the discrete counterparts
Moreover, we have set
Here α, β, δ are stabilization parameters. Notice that by definition of F h , the integral on the edges lying on D corresponds to the weak imposition of u h = g (see (7a)) and the second term in the LHS penalizes jump and normal jump of the deformation field. As usual, the choice of α, β, δ is dictated by stability requirements. More precisely, the penalty parameter β needs to assume sufficiently large values so that the coercivity of a h (·, ·) + c h (·, ·) is ensured. Next, defining the forms
We will perform a convergence analysis for (7a) and (7b) using the following energy norms
0,e .
h we will denote a discontinuous polynomial interpolation (such as e.g. the Brezzi-Douglas-Marini interpolant [6] ) and the Clément operator, respectively [9] . We collect some useful interpolation estimates (see [22] ) in the next lemma.
Lemma 3 Let
Then, the following inequalities hold
where 0 ≤ m ≤ 1 and C > 0.
Proof Estimates (9), (10) are deduced in e.g. [1, 9] . With these, triangular inequality and Lemma 2 we get the estimate (11) as follows
and an analogous argument leads to (12) and (13) . 
Proposition 1 The quadrilinear form
Notice that the continuity and coercivity constants may depend on the fixed state around which the linearization is performed, and the activation term , but they do not depend on the meshsize, nor on the solution itself.
1 This is due to the fact that the linearization is done only once on the continuous nonlinear problem. However, the nonlinear nature of (3) implies that large loads can cause a breakdown of the mechanical system [5] , and therefore the result is valid within a so-called region of stability.
Next, we assess the consistency of the method.
Proposition 2 Let (u, p) be the unique solution of (5). Then, the discontinuous Galerkin formulation (7a) and (7b) is asymptotically consistent, that is
A h ((u − u h , p − p h ), (v h , q h )) ≤ Ch |||v h ||| h , where C = C(û,p, , F, G) > 0. In particular, if V h × Q h
is a subspace of the the corresponding space of piecewise continuous functions, then the usual strong consistency relation is recovered
1 Indeed, the continuity and coercivity constants are explicitly given by
where C o is a constant depending on the shape of the domain. 
Finally, assertion (14) follows directly from (15).
Convergence analysis
Let us now turn to the derivation of error estimates for (7a) and (7b). Notice that this corresponds to a linear analysis, and therefore elements that satisfy the discrete inf-sup condition may exhibit instabilities when applied to large deformation elasticity [2] . However, as we will see in the experiments of Section 4, no instabilities are observed for our discontinuous formulation.
Theorem 2 Let us assume that
Proof Propositions 1 and 2, along with Cauchy-Schwarz inequality imply that
where the last relation follows from Lemmas 1 and 3. The proof is completed after applying triangular inequality and Lemma 3 once again.
Remark 1 Notice that if we only assume p ∈ H k−1 ( o ), then the convergence result from Theorem 2 reads
Theorem 3 Under the same assumptions of Theorem 2, there exists C > 0 such that
Proof Our proof will be based on a classical duality argument. Let (w, ξ) be the unique solution of an auxiliary problem whose strong formulation is
The existence of (w, ξ) is guaranteed by the continuous inf-sup condition satisfied by the spaces pair
, and by the assumed regularity of the domain o (convex and bounded polygon or polyhedron) [11] . In addition, the following continuous dependence on the datum is satisfied
Using the quadrilinear form A((·, ·), (·, ·)), the weak form of (16) reads: Find (w, ξ) such that
Combining this and Proposition 2, we readily obtain the inequalities
Then we write w = w − I h w + I h w, ξ = ξ − h ξ + h ξ , and after applying the continuity of the bilinear forms A and A h , together with Proposition 2, we arrive at
Therefore, Lemma 3 and (17) yield
and by virtue of Lemma 3 once again, the proof is finished.
Newton method
We present the following iterative Newton scheme for the numerical approximation of the nonlinear problem (3). Given an approximation (u
where the notation F r (·) and G r (·) denotes a direct dependence on the solution at step r. Notice that the algorithm starts with (u r h , p r h ) := (0, 0), and it is stopped when the corresponding residual
, satisfies ε k < , for a prescribed tolerance . Even though (3) and (5) admit a unique solution, the previous Newton scheme may not converge for any arbitrary value of the activation function γ f o . As we will confirm in the next section, for some large deformation problems it is required to employ an incremental step method, which consists essentially in moving smoothly deformations and pressure from (0, 0) to the desired final state by incrementing the activation γ f o .
Numerical examples
This section contains three tests assessing the accuracy and robustness of the proposed discontinuous formulation. For sake of comparisons, we will also present convergence results for classical Taylor-Hood finite element methods. We recall that in our case, the linearized stability of the numerical scheme will imply convergence of the method for the linearized nonlinear elasticity problem [25] . However this is not the case in general. The strategy of combining error estimates derived for the linearized problem with the known convergence of the Newton method (ensured by the differentiability of a nonlinear operator associated to the bilinear form b (u, p), and a compatibility condition, see [17, 26] ), would imply convergence of the DG approximation to the solution of (3) only in the case of relatively small errors (see also [7, 24] ).
Validation and convergence history
As first example, we consider the unit square domain o := (0, 1) 2 , we set the Dirichlet datum u = (x, y) on D = (0, 1) × {0} and a suitable traction term t on N = o \ D in such a way that the exact solution for (2) is the smooth pair The approximate solution (deformation represented on the reference body and pressure field on the deformed configuration) is plotted in Fig. 1 .
To assess the convergence of the stabilized method, we make use of relative errors and experimental rates of convergence defined by
m ∈ {0, 1}, where e m andê m are errors obtained for two consecutive meshes of sizes h andĥ. We consider a sequence of successively uniformly refined triangular meshes of 1, 9, 49, 225 and 961 interior nodes. The Newton algorithm is stopped when the residual attains the desired tolerance of 1e−7. On each iteration, the (nonsymmetric) linear systems are solved with the UMFPACK method. Table 1 along with Fig. 2 display the error history for this test problem using a standard continuous Galerkin Taylor-Hood formulation and two stabilized DG formulations using continuous and discontinuous pressures.
In the log-log scale we plot the relative errors versus the number of nodes for each discretization. We can see a similar overall behavior for all schemes: a convergence rate of h 3 is observed for the L 2 −norm of deformations and of h 2 for the L 2 −norm of the pressure and H 1 −seminorm of the deformation; all these well in accordance with our theoretical findings. 
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Stabilized DG method, (18) 4.2 Active contraction in a 2D slab
In the second example we consider the simulation of the active contraction of a neo-Hookean material with elastic modulus μ = 400 and fibers and sheets aligned with f o = (0, 1)
T and s o = (−1, 0) T , respectively. The activation function is no longer constant, but we choose
2 ). On the base of the square we impose u = 0. With a mesh of 625 interior nodes, Taylor-Hood elements exhibit reverse triangle deformation, and volumetric locking. With P 2 disc − P 1 elements we obtained correct deformations, but the pressure presented spurious oscillations near the lines x = 0 and x = 1. The best results were obtained with a stabilized P 2 disc − P 1 disc method, for which the numerical solution is depicted in Fig. 3 ; we observed no oscillations in the pressure field, and preservation of the material's volume.
Active contraction in a cube
Finally we perform a 3D test involving an active neo-Hookean 3D domain with elastic modulus μ = 400 and fibers, sheets and transversal directions f o = 2 ). On the bottom of the unitary cube we assume u = 0. The solution, corresponding to a volume-preserving contraction in the direction of f o , is plotted in Fig. 4 . Even if we do not claim that our DG method is less expensive than a comparable continuous FEM, we can state that using continuous finite elements, we were not able to achieve convergence of the Newton method without using a homotopy (or incremental load) method, that is, starting with a small magnitude of γ f o (namely, γ f o = −0.005 exp(4[z − 0.35]
2 )) and increasing it progressively until the desired value was achieved. With discontinuous formulations, we found that such strategy was no longer needed.
Concluding remarks
In this paper, an interior penalty stabilized discontinuous Galerkin method for a nonlinear elasticity problem under the assumption of material incompressibility has been proposed. The stability of the numerical scheme has been addressed in detail, and optimal error estimates for deformations and pressure in different norms have been derived, and confirmed by several numerical experiments in two and three spatial dimensions. We stress that in contrast to the behavior observed with continuous finite elements, we do not require any kind of incremental load technique, and the deformations are well resolved at a reasonable computational cost.
The present development was strongly motivated by the study of active deformations in the cardiac tissue as presented in e.g [23] , and some already envisaged extensions include a convergence analysis for a DG formulation applied to Holzapfel-Ogden passive materials [13] , a posteriori error analysis as in [28] , and the design of robust preconditioners to speed-up the solution of the involved unsymmetric mixed formulations.
